There exist lattice actions which give cut-off independent physical predictions even on coarse grained lattices. Rotation symmetry is restored, the spectrum becomes exact and, in addition, the classical equations have scale invariant instanton solutions. This perfect action can be made short ranged. It can be determined by combining analytical calculations with numerical simulations on small lattices. We illustrate the method and the benefits on the d = 2 non-linear σ-model.
Introduction and Summary
In many theoretical problems in physics, at a given stage, numerical analysis is necessary. Numerical problems require some regularization, most often different meshes are used. If the lattice is coarse, the numerical procedure is relatively easy, but the results are contaminated by the artefacts of the regularization. It is a difficult problem to remove these artefacts by making the meshes systematically finer and then extrapolating.
We shall discuss the problem of artefacts in the context of lattice regularized asymptotically free quantum field theories. Removing the cut-off effects to reach the proper continuum limit is a central problem in this field [1] . The method we describe, however, might find applications elsewhere, for example in solving partial differential equations.
In the study of quantum field theories cut-off effects show up in different ways. If the lattice is coarse grained then all the results are distorted, independently whether short or long distances are involved. Similarly, even on a fine lattice, at distances of a few lattice units the lattice structure, rather than physics dominates the results.
Removing the cut-off effects requires a careful analysis. Fig. 1 illustrates this process on the example of the running coupling in the d = 2 non-linear σ-model [2] . The renormalized coupling at the distance scale L is identified here with m(L)L, where m(L) is the mass gap in a periodic box of size L. For small L (L ≪ 1/m ∞ , where m ∞ is the mass in the infinite volume) this quantity can be studied in perturbation theory and shows the properties of an asymptotically free coupling: as L is changed, the coupling runs according to the perturbatively known beta-function. For larger values of L the scale dependence of the coupling, for example the relation between g(2L) ≡ m(2L) · 2L and g(L) ≡ m(L) · L, requires a numerical calculation. A lattice is introduced with lattice unit a, and for a given g(L) (in Fig. 1 g(L) = 1.0595) g(2L) is calculated on lattices with L/a = 5, 6, 7, . . . , 16 and the results are extrapolated to L/a = ∞. This is a non-trivial numerical problem even in d = 2.
A possibility to reduce lattice artefacts is to use improved actions. The idea behind this procedure is that for a large class of actions the physical predictions are universal while the cut-off effects are not. Although the history of improved actions is long [3, 4] they had a limited effect on actual calculations until now. The reason is that in some cases the proposed actions were derived using ad hoc assumptions, or uncontrolled approximations, in other cases they were fixed by perturbation theory and it is not clear whether in typical simulations they improve and to what extent. Deep in the continuum limit a perturbatively fixed action certainly improves. This is, however, not necessarily the case at moderate correlation lengths. Fig. 1 illustrates this problem also. Perturbation theory fails to reproduce even the sign of the observed cut-off effects [2] .
A radical solution would be to use a perfect lattice action which is completely free of lattice artefacts. That such perfect actions exist follows from Wilson's renormalization group (RG) theory [5, 6] . The aim of this paper is to show that in asymptotically free theories a combination of analytical and numerical techniques allows finding the perfect action to a sufficient precision. We consider an action perfect in practical calculations if even on a coarse grained lattice (correlation length =O(a)), no cut-off effects can be seen in numerical simulations. The perfect action is not unique. This fact can be used to find a perfect action whose range of interaction is short and whose structure is relatively simple. Simulating such actions the gain/cost ratio can be very large.
In this work we study this problem in the d = 2, O(3) non-linear σ-model, which we consider a pilot project, a preparation for d = 4 Yang-Mills theories and QCD. A quadratic lattice is considered and the partition function is written as
where βA(S) is some lattice representation of the continuum action
Beyond the basic requirements of O(3) symmetry, locality, correct classical limit, translation and 90
• -rotation symmetry, the form of the lattice action is largely arbitrary. It might contain nearest neighbour, next-to-nearest neighbour, etc., even different multispin interactions. Let us denote the corresponding couplings by c 1 , c 2 , . . .. The action βA(S) is represented by a point in the infinite dimensional space of couplings (β, c 1 , c 2 , . . .). We shall consider RG transformations in configuration space, namely block transformations with a scale factor of 2. Under repeated block transformations the action moves in this coupling constant space. The expected flow diagram is sketched in Fig. 2 [6, 7] . In the β = ∞ hyperplane there is a fixed point (FP) c 1 2π ln 2. The coupling g = 1/β grows according to the beta-function of this asymptotically free theory. The trajectory which leaves the FP along the weakly relevant direction is called the renormalized trajectory (RT). For large β the RT runs along the FP-action, but for smaller β they do not coincide anymore.
It is easy to see that the points of the RT define perfect actions. The argument goes as follows. At any given β, the point of the RT is connected to the infinitesimal Since each step increases the lattice unit by a factor of 2, any distance at the given β (even 1 lattice unit) corresponds to a long distance close to the FP. The infinitesimal neighbourhood of the FP is in the continuum limit, there are no cut-off effects there at long distances. On the other hand, for all the questions which can be formulated in terms of the degrees of freedom after the transformation we get the same answer as before it. So, there are no lattice artefacts at the given β on the RT at any distances.
Since a RG step is a non-critical problem, the FP-action and the actions on the RT in general are expected to be local [5, 6] . Locality, however, allows nonnegligible interactions over several lattice units in the action. For practical reasons we neeed more than locality. For practical applicability we have to answer positively the following questions: i. Is it possible to determine A * (S) to a good precision? ii. Is A * (S) of sufficiently short ranged? Is the structure of A * simple enough allowing a parametrization where the number of couplings remains relatively low, O(10-100)? iii. Questions i. and ii. for the points of the RT.
Our pilot study shows that for the non-linear σ-model, using a properly chosen RG transformation, the answer to these questions is 'yes', even if we go down to small correlation lengths . The determination of A * (S) is a saddle point problem which requires minimalization over classical fields. The FP, A * (S) is the perfect classical theory on the lattice: it has stable instanton solutions whose action is independent of the size ρ of the instanton (scale invariance). This should be the same in d = 4 gauge theories also. This fact might open new ways in the study of topological effects on the lattice. The range of interaction in A * (S) depends on the RG transformation. By a proper choice of the block-transformation A * (S) becomes surprisingly short ranged. A * (S) contains multispin couplings also but its structure is relatively simple. With O (20) couplings an excellent parametrization can be obtained which works even on coarse configurations, i.e. at small correlation lengths. The problems related to A * (S) can be solved partly analytically, which is a special bonus in asymptotically free theories.
If β is not very large, the FP-action A F P = β F P A * (S) is not a perfect action. It is, however, the perfect classical action and we expect that the lattice artefacts are significantly reduced. Actually, we were not able to identify any cut-off effects when simulating A F P in our pilot study. The lattice artefacts in the problem of the running coupling in Fig. 1 can be used, for example, to illustrate how well the FP-action performs. As Fig. 3 shows, even the coarsest discretization L/a = 5 gives a result which is consistent with the final extrapolated value. Let us emphasize at this point that A F P has nothing to do with perturbation theory.
The FP-action is 'almost perfect', which suggests that the RT runs close to the FP-action even at moderate β-values. In this case the blocked FP-action will converge rapidly towards the RT. We illustrate on an explicit numerical experiment that the problem to find and parametrize the action after a block-transformation at finite β is feasible. In traditional Monte Carlo simulations one goes deep in the continuum limit, simulates large lattices and fights with memory problems and critical slowing down. Our message is: do careful calculations on small lattices instead.
There remained many interesting problems even in this d = 2 model which we did not touch: an explicit study of the classical solutions, the possibility of using strong coupling expansion rather than Monte Carlo simulations for the perfect action at small correlation lengths and, most notably, the problem of constructing currents corresponding to the perfect action.
The idea of constructing improved actions using RG ideas is old [4, 6] . But, perhaps because the problem was considered as not really feasible, already at the start crude approximations and assumptions were introduced. We would like to show here that -due to the specific properties of asymptotically free theoriesone can get close to the dream of a perfect regularization. First, finding the FP is a relatively easy classical problem. This is a significant advantage over other statistical models, e.g. the d = 2 Ising model [24] . Second, even a simple optimalization makes the FP-action short ranged. Third, the FP-action, which is the perfect classical action, performs very well even at small correlation lengths. This feature makes it a good first approximation in finding the RT.
Earlier RG and Monte Carlo RG studies [8, 9] revealed many analogies between d = 4 Yang-Mills theories and d = 2 asymptotically free spin models. This gives a hope that the results of this paper can be generalized. Of course, the final goal is to treat full QCD where the cut-off effects are even more troublesome. The formalism can be extended to fermions. The free fermion problem has been discussed in [10] , but the real hard work is to be done.
We should mention that the physical picture in the multigrid-RG program as formulated by Mack [23] has close analogies to that discussed here.
2 The fixed point and the fixed point action We shall define the RG transformation in the model in eq. (1) as follows. The square lattice is divided into 2 × 2 blocks and to every block we associate a block spin R n B , which is a certain average of the four original spins in the block. We shall denote the points of the original and the block lattice by n and n B , respectively. The spins S n and R n B are normalized O(N) vectors. The RG transformation is defined as
where P is a parameter of the transformation, while the normalization factor Y N (z) assures that the partition function remains unchanged up to an irrelevant constant:
The function Y N (z) is related to the modified Bessel function (some of its properties are summarized in Appendix F in [11] , for example), specifically Y 3 (z) ∼ sinh(z)/z. For P → ∞, the block-transformation goes over to a δ-function giving R n B = n∈n B S n /| n∈n B S n |. We keep, however, P finite and write
where κ is a free parameter. Similar RG transformations were considered before in Monte Carlo RG studies [12] . The coupling β is defined by the requirement that on very smooth configurations the action goes over to the form in eq. (2) (see also section 2.4).
In the limit β → ∞, eq. (3) can be written as
where β ′ = β − O(1), due to asymptotic freedom. Eq. (6) is a saddle point problem in this limit, giving
The FP of the transformation is determined by the equation
As we discussed at length in the Introduction, the FP-action βA * (R) -although it is not 'perfect' at finite β -is an excellent starting action for further studies even at moderate β-values (at moderate correlation lengths). So, we shall need A * (R) for strongly fluctuating configurations also. Observe that eq. (6) reduces to the saddle point equation eq. (7) for any configuration R. If the configuration R is strongly fluctuating, then the minimizing configuration S will not be smooth either. In general, eqs. (7), (8) and their solutions have nothing to do with perturbation theory.
Eq. (8) for A
* is a highly non-trivial equation. Some of the important properties of the solution can be obtained, however, without solving the equation explicitly.
A * as a perfect classical theory on the lattice
Using eq. (8) it is easy to show the following 3
Statement
If the configuration {R} satisfies the FP classical equations (i.e. the classical equations corresponding to A * ) and it is a local minimum of A * (R) (allowing also for zero modes) then the configuration {S(R)} on the finer lattice which minimizes the right hand side of eq. (8) satisfies the FP equations as well. In addition, the value of the action remains unchanged, A * (S(R)) = A * (R).
Proof
Since {R} is a solution of the classical equations of motion, δA * /δR = 0, the configuration {S} = {S(R)} should satisfy the equation
for any n B . Here λ n B ≥ 0 since we excluded the case when A * (R) is a local maximum in R n B .
Since the expression
in eq. (8) takes its absolute minimum (zero) on the configuration {S(R)} satisfying eq. (9), {S(R)} is also a stationary point of A * ,
with the same value of the action,
, what we wanted to show.
According to this Statement, to any solution {R} (which is a local minimum) with a characteristic size ρ, there exists another solution {S(R)} of size 2ρ with exactly the same value of the action A * . It is natural to assume that this solution on the finer lattice is also a local minimum. Specifically, for N = 3 this observation implies that if A * has an instanton solution of size ρ then there exist instanton solutions of size 2ρ, 2 2 ρ, . . . , 2 k ρ, . . . with the value of the action being exactly 4π for all these instantons. The value 4π follows from the fact that very large instantons are smooth on the lattice and then any valid lattice representation of eq. (2) gives the continuum value.
The standard action has classical solutions of antiferromagnetic character -e.g. when one of the spins points downwards in a background of upward pointing spins -which are smooth local maxima in some of the spins. We expect, although we are not able to prove, that A * does not have such solutions. For example, the configuration mentioned above is not a solution since δA * (R)/δR does not vanish at ϑ = π, as shown in Fig. 6 .
It was observed earlier in [13] that using an approximate RG improved action the stability of instantons can be increased significantly. This result is in accordance with the Statement above.
It is important to observe that the reverse of the Statement is not true: if the configuration {S n } is a solution, then the configuration {R n B }, where R n B = n∈n B S n /| n∈n B S n |, is not necessarily a solution. The proof fails because for this configuration {R n B } the minimizing configuration {S(R)} in eq. (8) is not necessarily equal to {S n } itself. One can show that {S n } is a minimum but not always the absolute minimum. Actually, this is the mechanism which prevents the existence of arbitrarily small instanton solutions on the lattice [14] .
With respect to the classical solutions, A * has the same scale symmetry as the continuum action. We shall give later further arguments which show that it is a perfect classical lattice representation of the continuum action.
Parametrization
Eq. (8) defines the value of the FP, A * for any configuration R and, as we shall discuss later, one can advise numerical procedures which give this value to high precision. However, if we want to use the FP action β F P A * in numerical simulations we can not avoid to parametrize A * by a (limited) number of coupling constants. We can write in general
where the summations go over all the lattice points. It is a significant help in the parametrization and optimalization problem that the first two functions ρ and c in eq. (12) can be calculated directly. We shall discuss this problem first.
The determination of ρ(r)
Consider a configuration R where the spins fluctuate around the first axes:
where χ n B has (N − 1) components, and | χ n B | ≪ 1. In this case, the saddle-point configuration in eq. (8) will also fluctuate around the first axes, so we can write
where | π n | ≪ 1. The terms quadratic in π and χ give a closed equation for ρ when eqs. (8) and (12) are used:
The equation for ρ is independent of N as far as N > 1. Eq. (15) is just the FP equation of a free scalar theory with a Gaussian block-transformation:
Eqs. (15) and (16) are equivalent: Gaussian integrals can be replaced by minimalizations. The free field problem has been studied and solved in [15] a long time ago. In Fourier space the solution has the form
where the summation is over the integer vector l = (l 0 , l 1 ), (q +2πl)
The normalization of ρ is fixed by demandingρ(q) → q 2 for small q. In configuration space this corresponds to r ρ(r)r 2 = −4. We fix the value of ρ(0) by the convention r ρ(r) = 0.
There is an elegant, simple way to derive eq. (17) which we discuss below, since it might simplify the analogous problem for gauge and fermion fields also. A similar trick was used in [16] in an approximate RG calculation in the large-N limit with δ-function blocking.
The observation is that in a free field theory the two-point function is directly related to the action. On the other hand, the two-point function at the FP can be calculated easily. From eq. (16) it follows
Using this relation recursively, after j RG steps we get
where χ is the block-field after j steps, and the block n B contains 4 j original lattice points. Taking the j → ∞ limit, and considering the original lattice infinitely fine, the summations in the first term on the right-hand side of eq. (20) go over to integrals. The integrals are over a block (a × a) centered around the points n B and n ′ B , respectively. For the two-point function on the infinitely fine lattice we can use the standard 1/k 2 propagator. Taking a = 1, and simplifying the notations we get
After many RG steps the system runs to the FP (taking the mass to be zero at the beginning, only irrelevant directions remain), therefore
Dividing the k-integration into an integration and summation by introducing the integer vector l = (l 0 , l 1 )
and performing the integrals over x and x ′ , the result in eq. (17) follows. Using similar steps, the two-point function in configuration space has been obtained for δ-function blocking by Iwasaki [4] and by Gawedzki and Kupiainen [17] also.
Let us remark that the 1/4 factor in the block transformation of a free theory in eq. (16) is replaced by b = 2 −(d+2)/2 in d dimensions. Only this choice leads to a FP [5, 15] . In the non-linear σ-model, the factor 1/4 in the last term in eq. (15) is fixed. That these two factors coincide for d = 2 is related to the fact that in two dimensions (and only in this case) the non-linear σ-model is asymptotically free.
The properties of ρ(r); the perfect Laplace operator on the lattice
The properties (most notably the range of interaction) of ρ(r) depend on the free parameter κ. The choice κ ≈ 2. is optimal. For κ = 2, ρ(r) decays very rapidly with growing |r|, like ∼ exp(−3.44|r|), Fig. 4 . For this choice ρ(r) is strongly dominated by the nearest neighbour and diagonal couplings while the couplings at distance > 1 are already small. As Table 1 shows, ρ(3, 3) is, for example, 5 orders of magnitude smaller than the nearest neighbour coupling. The κ = 2 value is distinguished also by the fact that in d = 1 (or, equivalently, in any d on configurations which depend only on one coordinate) this choice leads to a simple nearest neighbour action. Fig. 4 also shows that the choice κ = ∞ (corresponding to a block transformation with δ-function) gives a considerably larger interaction range, ρ(r) ∼ exp(−1.45|r|).
A free field theory defined in terms of ρ on the lattice gives a cut-off independent account of the physical properties of the theory. The spectrum is exact. In the continuum the energy of an excitation with momentum k 1 is E(k 1 ) = |k 1 |, where k 1 ∈ (−∞, ∞) (massless relativistic free particle). Using eq. (17) one can check easily that the lattice field theory with ρ has exactly this spectrum. (A possible method is to calculate the two-point function at large time-separation.) Although q 1 in eq. (17) lies in (−π, π) only, the full spectrum is reproduced because for every given q 1 there are infinitely many energy eigenstates. This is related to the summation over l in eq. (17). The couplings of the quadratic two-spin interaction terms at a distance r = (r 0 , r 1 ) for the optimal choice of the block transformation with κ = 2. Note that in our convention, for the standard action the only non-vanishing entry in this list would be ρ ST (1, 0) = −1.
The finite difference operator ∆ L Φ) n = − r ρ(r)Φ n+r is a perfect discretization of the continuum Laplacian. Let φ(x) be a field in the continuum satisfying the Laplace equation ∆φ(x) = 0 .
Lay a lattice on the d = 2 continuum plane with lattice unit 1 and define on the lattice point n a lattice field
The field Φ n satisfies
and gives the same action as φ(x):
2.6 The determination of c(n 1 , n 2 , n 3 , n 4 )
In order to obtain the coefficients c(. . .) we have to expand eqs. (8, 12) up to quartic order in π and χ. In quadratic order, discussed before, the minimizing π configura-tion in eq. (8) is linear in χ:
where the matrix M is short ranged (if n is in the block n B then only small |n B −n ′ B | gives significant contribution in the sum in eq. (28)) and can be obtained explicitly when solving the free field problem [15] . In order to obtain the χ dependence of the right-hand side of eq. (8) up to quartic order it is sufficient to substitute the minimizing value of π up to linear order, eq. (28). The cubic corrections to eq. (28) give O(χ 6 ) terms only in eq. (8).
In quartic order eq. (8) can be written in the form
where the matrix A depends linearly on c(. . .) and is symmetric under n B ↔ n 
These equations can be solved for c(. . .) by a rapidly converging iterative procedure. The short range nature of ρ(r) for κ = 2 is inherited by c(. . .), as expected. Table 2 enumerates those couplings with |c(. . .)| > 5 · 10 −5 .
The numerical procedure to solve the FP equation
For a given configuration {R}, eqs. (7, 8) can be solved numerically for the FP value A * (R). Calculating A * (R) for a large number of different {R} configurations, the important couplings (beyond those in ρ(r) and c(. . .)) can be found by a fitting procedure. The finite size distortion on the couplings will be small if the lattice on which {R} is defined is larger than the range of interaction in A * . Since the later is small for κ = 2 (see ρ(r) and c(. . .), and further discussion in 2.8) this requirement is easy to satisfy. In this pilot study we worked on 5 × 5 periodic lattices when looking for the couplings of the FP, A * numerically.
We worked out two different numerical procedures to calculate A * (R) for a given configuration {R}. Both were based on iterating eq. (7). For a process with k iterations we define the lattice sizes Table 2 : The coefficients of the leading quartic terms (1−S n 1 S n 2 )(1−S n 3 S n 4 ) of A * . A term which is defined by the sites n 1 , n 2 , n 3 , n 4 and the topology of the four-spin coupling occurs only once with these coefficients in the action. The numbers in this 
. We get
. . .
Here A (0) is the zeroth order approximation for A * , while A (k) (R) is the k th approximation for the number A * (R). For A (0) one might take even the standard action, but the convergence in k will improve if a better approximation is used. Note that eq. (31) and the way we solved it are strongly reminiscent to a multigrid procedure [23, 18] .
In the first method the minimalization in S was performed locally and the lattices were swept through until A (k) (R) became stable to a given precision. In the second method we used annealed cooling. The largest irrelevant eigenvalue of the FP is 1/4 in agreement with the observed convergence rate in the number of blocking steps k. Even taking the crude approximation for A (0) where only the nearest neighbour and diagonal couplings from ρ(r) are kept, |A (4) (R) − A * (R)|/|A * (R)| was estimated less than O(10 −4 ). The two different methods gave consistent results.
The properties of A * on coarse configurations
On smooth configurations the first terms in eq. (12) dominate. These terms are short ranged and explicitly known. It is important to investigate, however, whether A * remains short ranged even on coarse configurations. We need further hints on the general parametrization problem also.
In order to see how A * (S) behaves as the relative angle between the spins is increased, we rotated a single spin S away from the 1 st axis by an angle ϑ, while all the other spins pointed in the 1 st direction. The corresponding value of A * , which we denote by A 1 (ϑ), is shown in Fig. 6 . The curve is very simple and can be fitted easily if we parametrize it in powers of ϑ 2 /2 rather than in powers of (1 − cos ϑ). This empirical observation is also supported by considering a quasi one-dimensional solution to the equations of motion, with S(n) = (cos ϑn 0 , sin ϑn 0 , 0), where the ϑ ϑ dependence of A * is exactly given by ϑ 2 /2. So, we rewrite eq. (12) as
where ϑ n 1 ,n 2 is the angle between the spins S n 1 and S n 2 . The functionc is trivially related to ρ and c of eq. (12) . Using this parametrization, the leading couplings of ρ andc will dominate A * even on coarse configurations. This is illustrated in Fig. 6 , where a d 1 ϑ 2 /2+d 2 (ϑ 2 /2) 2 form, with d 1 and d 2 obtained from ρ and c in Tables 1,2 , agree very well with the data.
Next we wanted to check whether the distant couplings remain small even at large relative angles. In a trivial background (spins in the 1 st direction) we rotated 2 spins, which were at a distance ∆ from each other, by an angle ϑ relative to the 1 st axes (keeping them parallel to each other). Denoting the corresponding value of A * by A 2 (ϑ) it is easy to see that
A 2 (ϑ) is a measure of the direct coupling between the two spins. Table 3 gives the measured values at different ϑ values for distance ∆ = (2, 0) compared with −ρ(2, 0) ϑ 2 /2, the first, exactly known term in eq. (12'). The direct coupling remains small and very well given by this single term even at large angles.
Fixing the couplings in this pilot study in O(3)
In the following we consider the O(3) model, N = 3. We generated ∼ 500 different R configurations and calculated the corresponding values of the FP, A * (R) using the minimalization procedure discussed in 2.7. Among these configurations there were smooth, but also quite coarse ones, typical for a correlation length of a few lattice units only. We made fits with up to 69 different couplings, taking them all short ranged, with the largest distance being (2, 2 Table 4 : The couplings used for the FP-action in eq. (12'). The notation is explained in the text. The coefficients of the quadratic and quartic interactions are calculated analytically, the higher order interactions are fitted. Table 4 . The couplings #1 and 4 are slightly renormalized to satisfy the condition r ρ(r)r 2 = −4 exactly. In this fit all the couplings can be put on a 1 × 1 square. In Table 4 the couplings are given in a graphical notation. The coupling #15, for example, multiplies the expression
2 , where ϑ A = acos(S 1 S 2 ), ϑ B = acos(S 1 S 3 ) and ϑ C = acos(S 2 S 3 ). Here S 1 , S 2 , S 3 are the 3 spins forming the triangle, S 1 sitting at the 90
• corner.
As Fig. 7 shows the fit becomes poorer on coarse configurations (those have larger action values), in a few cases the error reaches ∼ 1%, but for most of the configurations the error is much smaller. Including the (2, 0), (2, 1) and (2, 2) couplings the fit becomes somewhat better, but for this pilot study we decided to use the 24-parameter fit in Table 4 .
We want to emphasize two points here. Using 24, or even twice as many couplings in a Monte Carlo simulation is not really a problem -at least in the spin model considered here. Although this action includes 3-and 4-spin interactions also, one can generalize the cluster Monte Carlo technique [19] for this case. Our cluster program runs ∼ 3 times slower with 24 parameters than with the standard action. Relative to the gain we are looking for, this is irrelevant. The second remark concerns the numbers in Table 4 . The fitted parameters are effective values, one must not associate significance to a single entry in this Table. Modifying somewhat the set of operators used in the fit, these entries would change, but the global quality of the fit would hardly be different.
Results obtained by simulating the FP action
The FP-action A * F P is defined as β F P A * (S). The coupling β F P is fixed uniquely by the normalization condition on ρ (sect. 2.4). For large β F P , the RT runs together with the FP-action (Fig. 2) , therefore A * F P is the perfect action. For intermediate β F P values it is not perfect anymore, but -as we shall see -it performs amazingly well. As we discussed in the previous sections, the FP-action can be determined with the help of classical calculations. For κ = 2 it is very short ranged and a relatively simple parametrization describes it well. This parametrized form (given in Table 4 ) can be easily simulated. Our cluster Monte Carlo program performed very effectively. We would like to urge workers in this field to replace the standard action by the FP-action as a first approximation towards 'perfectness'. These remarks apply to the CP n -model also, especially in studies related to topology (sect. 2.2).
In the following, for simplicity, we shall call the 24-parameter action in Table 4 the FP-action keeping in mind possible effects from the errors of this simple parametrization. In the Appendix we calculated the relation of the Λ-parameter of the FP-action to that of the standard action. The result Table 4 ) .
can also be written as
Eq. (33) gives a feeling about the meaning of β F P . At intermediate β values we give -for orientation -the infinite volume correlation length ξ(β F P ) at a few β F P values: ξ(1.214) ≈ 36, ξ(1.08) ≈ 18, ξ(0.85) ≈ 6.
Cut-off dependence of the running coupling
We discussed this problem in the Introduction already. We have chosen the g(L) = m(L)L = 1.0595 point from ref. [2] since here the observed cut-off effects in the relation m(2L)2L versus m(L)L were large and opposite in sign with respect to perturbation theory (Fig. 1) . We simulated the FP-action on a lattice of spatial size L/a = 5 and tuned β F P until m(L)L became close to the prescribed value: at β F P = 1.0821 we got g(L) = 1.0578 (5) . Then measuring on a lattice with L ′ /a = 2L/a = 10 at the same β F P value we had m(2L)2L = 1.2611 (9) . In the time direction the lattice was chosen to be at least 6-times larger than the finite box correlation length ξ(L) = 1/m(L) and distances larger than three times ξ were used in the fitting procedure to obtain the mass gap. At the end we shifted g(2L) according to the slight difference between the actual (1.0578) and prescribed (1.0595) value for g(L) obtaining g(2L) = 1.2638 (12) . For this shift we used the universal curve obtained in [2] . The error from this procedure is negligible. We repeated this calculation at L = 10 also, for β F P = 1.214 with the results: m(L)L = 1.0613 (8) and m(2L)2L = 1.2664 (18) . After shifting this gives g(2L) = 1.2635 (22) . In Fig. 3 these two points are compared with the extrapolated prediction g(2L) = 1.2641 (20) . No cut-off effects can be seen. 
The two-point function
We want to compare the spin-spin correlation function of the standard nearest neighbour model with that of the FP-action on coarse lattices and check the extent of violation of rotation symmetry. In this respect one has to understand the following point. The correlation functions do not describe directly physics since they depend on the way the fields are defined. This is reflected, in general, in the scheme dependence of the wave-function renormalization. Here the relation between the fields of the FP-action and the perfect fields of the continuum is more involved. In the case of a free field, as the derivation in section 2.4 (especially eq. (21)) clearly shows, the field of the FP-action is the integral of the perfect field over a square of length a. This definition brings an inherent rotation symmetry breaking in the two-point function. Similarly, in the full O(3) model the shape of the block used in the RG transformation gives a non-rotation invariant definition for the fields in the FP-action. Of course, physical predictions, like the energy values related to the exponential decay of the two-point function, are rotation symmetric.
The effect discussed above is, however, very small. This can be checked analytically in the free field case and it remains so in the O(3) non-linear σ-model even on coarse lattices. We simulated the FP-action and the standard action at correlation length ∼ 3 (β F P =0.7 and β ST =1.18, respectively). We have calculated the twopoint function on a 24 × 24 periodic lattice. This lattice is large enough to avoid rotation symmetry breaking from the box itself (which is a physical infrared effect) up to distances ∼ 9. In Figs. 8,9 the measured points are connected by piece-wise straight lines to lead the eyes. No symmetry breaking effects can be seen in the two-point function of the FP-action, while the lattice structure shows up clearly when the standard action is simulated.
RG transformation at finite β
The FP-action is the perfect classical action, but we need the perfect quantum action. Since the FP-action seems to have small cut-off effects even at intermediate β values, it is a good starting point to find the RT. Assume that at some β F P value the cut-off effects in the predictions of the FP-action β F P A * (S) are negligible. Performing a RG step, the size of the cut-off effects for the blocked action will be the same (i.e. negligible), but the correlation length will be a factor of 2 smaller. This is the basic step we have to do in searching for the perfect action. In the following we shall illustrate that it is relatively easy to determine and parametrize the blocked action, and this blocked action remains short ranged if the RG transformation is chosen properly.
The RG transformation
We shall perform one RG step starting with a FP-action (in its parametrical form as given in Table 4 ) at β F P = 1.0. At this point the correlation length is O(10). We use the block transformation defined in eq. (3). There is no reason to assume that the optimal value of the parameter P is β F P · 2 as it is in the case for large β F P . Actually, we expect that P opt goes to a constant rather than to zero for small β F P . Preliminary runs indicated that κ = 2.5 is close to the optimal choice, so we took P = β F P · 2.5. In this case the range of interaction of the blocked action turned out to be essentially the same as that of the FP-action. For this reason it is sufficient to start with a 10 × 10 lattice and block it down to 5 × 5. At this small lattice sizes the Ferrenberg-Swendsen [20] technique becomes especially effective and we used it extensively.
Determination of the properties of the blocked action
In a MC calculation it is relatively easy to determine the change of the action under the change of the configuration. This information will be enough for us. Let us introduce the notation
Eq. (3) gives then
where
(1,0) 0.549(1) (2,0) 0.0037 (14) (1,1) 0.167(1) (2,1) 0.0027(13) (2,2) 0.0002(13) and {R} and {R 0 } are two different block-configurations.
The difference T (R, S) − T (R 0 , S) depends on the block-averages
Simulating the effective action defined in eq. (36) with some fixed {R 0 } and storing {f n B } after every sweep, the expectation value in eq. (35) can be calculated for any configuration {R}. In practice {R} should be close to {R 0 }, otherwise the statistical errors can not be controlled.
Specifically, one can chose {R 0 } to be the trivial configuration (all the spins point in the 1 st direction). In this case A ′ (R 0 ) = 0 (by definition; the constant generated by the RG transformation does not interest us), and we can calculate A ′ (R) for configurations which are close to the trivial one. By taking a parametrization for A ′ in the form of eq. (12') we get
where (N = 3)
The conventions
determine then ρ ′ (0) and β ′ , respectively. We summarized the results in Table 5 . It is interesting to observe that the structure of ρ ′ (r) is quite similar to ρ(r). Most importantly, it is similarly short ranged.
We can now take configurations {R}, where a single spin is rotated by an angle ϑ, in a trivial background. The corresponding value of β ′ A ′ is given in the second column of Table 6 : One and two spins (at a separation (2,0)) are rotated in a trivial background. The two-spin result (4 th column) is almost exactly twice of the one spin result, indicating that the direct (2,0) interaction is small. The two leading couplings of ρ ′ , giving 1.432 ϑ 2 , dominate the action even at large angles.
behaviour in ϑ, which justifies a parametrization in the form of eq. (12'). Actually, the two important couplings in ρ ′ which give a contribution 1.432 ϑ 2 (third column in Table 6 ) dominate the results even at large angles ϑ. When two spins, separated by the vector (2, 0), are rotated together, the measured action (column 4 in Table 6 ) is very closely twice of the result for a single rotated spin. The direct (2, 0) coupling is small. Since A ′ is short ranged, for the general parametrization we might consider the type of couplings used for the FP-action before. Actually, as we shall see, the FP-action (as parametrized in Table 4 .) β ′ F P A * describes β ′ A ′ quite well with β ′ F P ∼ 0.85. In applications the blocked action β ′ A ′ will be used in a MC simulation, therefore we want a parametrization which gives the value of the action precisely for typical configurations. We generated 300 configurations by MC using the FPaction with β ′ F P = 0.85. We calculated the value of the blocked action β ′ A ′ on these configurations using the technique discussed before. The type of the couplings kept for the fit where those used for the FP-action, plus the (2, 0), (2, 1) and (2, 2) two-spin couplings and their powers up to ϑ 6 . In order to see the quality of the fit and to separate in the fitting error the statistical (coming from MC determination of the action) and systematical (coming from parametrization) errors we kept those configurations only where the statistical error was below a certain cut value. Fig. 10 shows the error of the fit against the value of the action. The average value of the fit error is 0.004. If the (2, 0), (2, 1) and (2, 2) couplings are left out, the average fit error is increased to 0.010. If needed, the quality of the fit can be increased by including further couplings (and increasing the statistical precision). In our feasibility study we did not investigate this problem further. We want to mention two additional points only. The FP-action β ′ F P A * with β ′ F P = 0.848 gives a quite reasonable fit also with an average fit-error of 0.022. The second remark concerns the value κ = 2.5 which makes the blocked action somewhat more local and closer to the FP-action than κ = 2 we used at β = ∞. At κ = 2, for example, β ′ ρ ′ (2, 0) = 0.011(1), a factor of ∼ 3 larger than at κ = 2.5. Similarly, the fit-errors (analogous to those discussed above) are increased by a factor of ∼ 2 if κ = 2 is taken.
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A The Lambda parameter
The Λ parameter for some specific lattice regularizations (in units of Λ ST corresponding to the standard action, for example) has been obtained earlier [21, 22] . We give here the result for the generic case, for an action of the form given by eq. (12).
The simplest way to calculate the ratio of the Λ parameters is to introduce a chemical potential h [25] coupled to a Noether charge of the O(N) symmetry and use the fact that the free energy f (h) depends on h in a universal way [25] .
Technically, the chemical potential is a constant, imaginary gauge potential: A µ → ihδ µ0 q, where q is a generator of an O(N) rotation. We choose a rotation in the 1,2 plane:
In the presence of the chemical potential the only change in the action is in the scalar product of two spins:
n S
(1)
n+r + . . .
(In fact, h is here ah and the omitted terms do not contribute in the continuum limit.)
Using the representation in eq. (14) and expanding in π, after straightforward calculations we obtain the following expression for the free energy:
Expanding in h and using the fact that f (h) − f (0) is the same for any two regularizations, one obtains: c(n 1 , n 2 ; n 3 , n 4 ) r 2 (1 − cos qr ′ ) + r ′ 2 (1 − cos qr) .
Here we introduced the notations for the relative coordinates in c(n 1 , n 2 ; n 3 , n 4 ):
and used the 90 • symmetry to replace e.g. 2r 0 r ′ 0 by the scalar product (r · r ′ ).
Eq. (44) gives for the ratio of two Λ parameters:
Note that only the 2-and 4-spin interactions contribute when the action is written in the form of eq. (12).
In ref. [22] the Λ parameter has been calculated for a particular form of the 4-spin interactions. Unfortunately we do not agree with the result quoted there.
Since in numerical simulations one has to work with a restricted set of couplings, it is more informative to have the Λ parameter for that particular set. For the couplings used in our simulations the ratio of this Λ parameter to that of the standard lattice action is 8.17, as cited in eq. (32).
The Λ-parameter is rather sensitive to the coefficients in the action. We did not attempt to calculate it for the whole set of couplings in A * (S), although this would be a feasible task. It is remarkable that while Λ ST is anomalously small compared to those in a continuum regularization (e.g. Λ M S /Λ ST = 27.21), Λ F P is much closer to its continuum counterparts. Fig. 1 with addition of two points generated by using the FP-action. These data show no cut-off dependence and agree with the value extrapolated to a/L = 0 for the standard action. Table 1 is shown in this scatter plot. The deviation from the true value of the action is plotted against the value of the action itself for ≈ 500 configurations. Fig. 8 for the FP-action at β F P = 0.7 corresponding to the same correlation length. Figure 10 . The quality of the parametrization for the action β ′ A ′ obtained after a block transformation on the FP-action at β F P = 1.0 is shown here. The fit included the interactions displayed in Table 4 plus the (2,0), (2,1) and (2,2) couplings. 
